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ABSTRACT 
Canonical forms for matrix congruence for general matrices are exhibited as an 
easy consequence of results presented in a recent paper by R. C. Thompson on 
pencils of symmetric and skew symmetric matrices. We also show how to exhibit 
standard equivalence class representatives in the orbits of the semiorthogonal groups 
acting naturally on skew symmetric forms. 0 Elsevier Science Inc., 1996 
INTRODUCTION 
Recall that two square matrices A and B are called congruent provided 
there exists an invertible matrix P such that B = PAPT. Clearly this is an 
equivalence relation, and its meaning is that A and B are equivalent if and 
only if they represent the same bilinear form. [The matrix A = (aij) repre- 
sents the bilinear form h relative to a basis {ek}c_, provided h(e,, e.j) = all.1 
Here is a very natural problem: 
PROBLEM I. Exhibit a collection of matrices which gives a complete set 
of equivalence class representatives for the relation of congruence. In other 
words, the problem calls for canonical forms for matrix congruence, and its 
solution amounts to a classification of bilinear forms. 
If A and B are both restricted to being symmetric, the answer is given by 
Sylvester’s law of inertia [4]. If A and B are restricted to being skew 
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symmetric, the answer is even easier [4]. However, what if no restrictions are 
placed on A and B? 
We have been thinking about this problem for a long time, but only 
recently did we become aware of an interesting paper by R. C. Thompson [6], 
which appeared in 1991, from which an answer follows easily. We have been 
aware of some papers on bilinear forms that seem relevant by Riehm 151, 
Gabriel [2], G. E. Wall [7], and Williamson [8], but it seems to us that one 
cannot easily derive a complete and explicit set of canonical forms using the 
results of these papers. Also, there is a very strong paper by C. S. Ballantine 
and E. L. Yip [I] that provides some good understanding of the structure of 
congruence classes over an arbitrary field and even goes some distance 
toward providing canonical forms, but it seems to us that a complete set of 
canonical forms, even over [w cannot be easily obtained from the results in 
that paper (see pp. 171 and 195 therein). At any rate, the purpose of this note 
is to show that a complete answer can be easily obtained using the work of 
Thompson cited above. Since the problem we have stated above is so natural, 
and since Thompson does not explicitly state or answer this problem as such, 
we decided to make this problem and its solution more accessible by writing 
this paper. Another reason is that it has been our experience that mathemati- 
cians, even those interested in linear algebra, are unaware of the answer to 
this problem. It may be that the nonspecialist interested in bilinear forms will 
not think to look in a paper on pencils for an answer. Finally, as we shall show 
later, we can use the results to say something about representing the orbits of 
the natural action by congruence of the semiorthogonal groups on skew 
symmetric matrices. (This action intertwines with the adjoint action from Lie 
theory for the semiorthogonal groups.) This last observation uses crucially the 
particular decomposition into symmetric and skew symmetric parts implicit in 
Thompson’s approach, which is not found in the approach of [l]. 
If we had been talking about similarity in our problem, instead of 
congruence, then the answer would be the usual Jordan canonical forms. The 
classification of bilinear forms is more complicated than that given by the 
Jordan canonical forms. In the case of complex entries the Jordan canonical 
form involves only one block type, while the congruence class representatives 
involve six possible block types. In the real case the Jordan blocks can involve 
two block types, while the congruence class representatives involve eight. We 
will give the answer to our problem for the real case, but the answer for the 
complex case follows from Thompson’s results just as easily. 
A natural approach to the problem is to use the fact that any matrix can 
be written uniquely as the sum M = S + A of a symmetric matrix S and a 
skew symmetric matrix A. Then the idea would be to perform a congruence 
operation on M which puts its symmetric part S in a diagonal form / with 
l’s and -1’s on the diagonal (which can be done, by Sylvester’s law of 
MATRIX CONGRUENCE 209 
inertia). Then we restrict further congruence action to the isotropy group 
which fxes ]. The hope would then be to put the skew symmetric part in a 
simple canonical form using this isotropy group. The authors learned a lot 
from this approach but were unsuccessful in realizing a complete and general 
answer. It does, however, give rise to the following problem, which can also 
be given some ki n o general answer using Thompson’s results. d f 
PROBLEM II. Exhibit canonical representatives for the orbits of the 
action of the semiorthogonal groups on the space of skew symmetric matri- 
ces. 
This action is the natural action of the semiorthogonal groups on A 21w” 
as subgroups of Gl(n, rW> and is even more interesting when one realizes that 
this action intertwines with the adjoint action for these groups. Also, the 
action for orthogonal groups on skew symmetric matrices is well understood 
and gives rise to orbit representatives of the form 
0 a1 
-a1 0 
0 a2 
-ff2 0 
0 
0 
Using this and our decomposition, we can conclude that every matrix with 
positive definite symmetric part is congruent to exactly one matrix of the form 
I + A, where A, is of the above form with the (Y’S in increasing order. This, 
however, leaves out the vast majority of matrices with non-positive definite 
symmetric part. 
BACKGROUND ON PENCILS 
Our problem is ideally suited for an application of the theory of matrix 
pencils originally developed by Weierstrass and Kronecker in the nineteenth 
century. Let us briefly review the relevant part of that theory here. Recall 
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that two matrices are called equivalent if there exist invertible matrices P and 
Q such that B = PAQ. Kronecker solved the following general problem of 
simultaneous equivalence of two pairs of matrices: 
Find necessary and sufficient conditions for the existence of invertible 
matrices P and Q such that 
and 
C=PAQ 
D = PBQ, 
and exhibit canonical forms for such pairs. 
He did this by forming a pencil of matrices A + AB, where h is an 
indeterminate, and then classifying these pencils according to a notion of 
strict equivalence, which is tantamount to the notion of pair equivalence 
above. (A weaker notion than strict equivalence is needed for the develop- 
ment of the theory.) His fundamental theorem (1890) on matrix pencils is the 
following: 
THEOREM I. Two matrix pencils are strictly equivalent if and only if they 
have the same elementary divisors (finite and infinite) and minimal indices. 
For a clear and detailed treatment of this theory see Gantmacher [3, Vol. 
II]. For the definition of elementary divisors and minimal indices see both 
Vols. I and II of Gantmacher. 
CANONICAL FORMS FOR MATRIX CONGRUENCE 
In this section we will exhibit the answer to Problem I and indicate how it 
follows (easily) from the results in Thompson’s paper. If both matrices 
defining a pencil are chosen from the class of symmetric or skew symmetric 
matrices and if the entries are complex, then congruence turns out to be the 
same as equivalence. This may seem surprising and is certainly not obvious 
but it comes out of Thompson’s analysis (see p. 339 of [5]>. If the entries are 
real, then equivalence is not exactly the same as congruence, but the 
congruence classes can be deduced by careful consideration of certain plus 
and minus signs (the inertial signatures). 
Thompson’s paper is about pencils defined by real or complex symmetric 
or skew symmetric matrices. Restricting to symmetric or skew symmetric 
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matrices places various restrictions on the elementary divisors and minimal 
indices, and these give rise to the canonical forms for such pencils under 
congruence. There are eight theorems in Thompson’s paper, but the result 
we want follows from Theorem 2(c) on p. 344. This gives canonical forms for 
pencils A - pB where A and B have real entries, A is symmetric, and B is 
skew symmetric. By taking p = - 1 in this theorem and remembering that 
any n x n matrix can be decomposed into symmetric and skew symmetric 
parts, we obtain Theorem II below. 
For the statement of the theorem we need some notation for the matrices 
which form the basic blocks in our canonical forms: 
NOTATION. 
with 
I1 
1 . . 
L,= .‘l 
\ 1 
an (.s + 1) x E matrix, and 
‘1 
L,+= 
\ 
an &X(.5+ l)matrix. 
Let 
-1 
1 -1 
\ 
-1 
1 / 
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be e X e matrices with all zeros except as indicated. If e is even, let 
and if e is odd, let 
(0 
SA,= ’ 
0 
With this notation we then have the following: 
m; = C( SA, + A,) 
with e even and E = &-1, 
cd5 = 
0 A, + A, 
-A,+& 0 
a 2e X 2e block with e odd, 
0; = 4Ae + S&1 
with eoddand E= *I, 
a 2e X 2e block with e even, and 
0 (a+ l)A,+A, 
a + l)Ae - A, 0 
a 2e X 2e block with CY finite and nonzero. Further, we let 
p; = & 
I 
R\ 
R S 
s > 
\R S / 
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a2e~2eblockwith E= *land 
and let 
a 4e X 4e block with 
Pi 
P; 
where 
= 
= 
\R' S’ 
- 
R’\ 
R' S' 
S’ > 
I 
T 
T S’ 
S’ 
T S’ 
I 
\ 
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With this notation we have 
THEOREM II. Every real matrix is congruent to a unique matrix in 
quasidiagonal form consisting of blocks of types m;, od, $, 0’3, o:, a;, Pl, Pi, 
as de$ned above. 
NOTE. The notation m>, m>, etc. that we have used for the block types 
above is borrowed from Thompson’s paper, but the reader should be warned 
that we are using it in a slightly different way. Namely, Thompson uses this 
notation to denote matrix blocks that involve the indeterminate p, while we 
do not. The blocks we are describing are obtained from those in Thompson’s 
paper simply by letting p = - 1. 
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ORBITS OF SKEW MATRICES 
group O( p, q, R) is the set of all invertible matrices The semiorthogonal 
Q such that Q’A,, 4 Q = A,, 4, where 
A P,4 = 
1 
1 
1 
-1 
-1 
with p ones and q minus ones along the diagonal and zeros elsewhere. 
The orbits of the semiorthogonal group acting by congruence on skew 
symmetric matrices will now be described. 
DEFINITION. We say that a matrix is in pseudo-block-diagonal form if it 
is congruent via a permutation matrix to a matrix in block diagonal form 
(quasidiagonal). 
Consider the matrix pencil A - PA,, q with A skew symmetric and A,, q 
as above. By Thompson’s Theorem 2, part cc), there exists an invertible 
matrix G such that G( A - pA,,,)GT = A - p$, say, is in canonical form. 
Notice that S is not diagonal. It is now only necessary to consider the 
symmetric matrices that occur in the canonical forms of Theorem 2, part (c), 
and that are congruent to Ap, q. Now no such S can contain a block of type 
m\, od4, or a$, because the symmetric part of each of these block types will 
contribute a zero to the main diagonal upon diagonalization. Thus A - pS 
consists of blocks of the form skew( I?) - p sym( B) where B is one of the 
remaining block types from Theorem II. Now for each of these blocks B 
there is a simple orthogonal matrix Qs which diagonalizes sym(B) under 
congruence. In fact, the form of these blocks shows that Qs is the product of 
rotations by + 45” in various coordinate planes. The point here is that each of 
these blocks, sym(B), contains only ones, minus ones, and zeros arranged in 
such a way that if there is a f I in the y position (i > j) then there is a f I 
in the ji position and zeros in all other positions of the ith and jth rows and 
columns. Also, if there is a + I at position ii, then there are all zeros in the 
remaining positions of the i th row and column. The diagonalization can thus 
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be fashioned after the following 2 X 2 case: 
I 
1 
\ 
*E _--( 
/ 
1 1 
0 +1 
1 
+E fi 
1 1 *1 0 1 1 
\ 45 I \7F 
SF 
-1 0 -( 1 0 -1 
Thus there exists a simple orthogonal matrix Q such that Q sym(L$ Q’ is 
in diagonal form with ones and minus ones on the diagonal and such that 
Q skew(i) Q’ is still in block diagonal form with blocks of the form 
QB skew(B) Qi where B is one of 0)3, ok, (Y$, pl, or pi. Now it is easy to see 
that for an appropriate permutation matrix P, we have that PQSQTPT = A1,, 4 
and therefore PQGhp,4GTQTPT = A,, 4 and thus PQG E O( p, q, I@. Now 
PQGAGTQTPT is not in block diagonal form, but it is certainly in pseudo- 
block-diagonal f orm, and so we conclude the following: 
THEOREM III. Consider the natural action by congruence of O( p, 9, [w) 
on skew symmetric matrices. Then in every orbit there exists a canonical 
matrix in pseudo-block-diagonal form where the blocks are of the form 
QO; skew(o’,) Q& Qog skewtok) Q$, QU; skew(oj) Qz;, or Qs; skew4 Pi> Qi;. 
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